We obtain an exact Kerr like black hole solution by solving the corresponding gravitational field equations in Einstein-bumblebee gravity model where Lorentz symmetry is spontaneously broken once a vector field acquires a vacuum expectation value. Results are presented for the purely radial Lorentz symmetry breaking. In order to study the effects of this breaking, we consider the black hole shadow and find that the radial of the unstable spherical orbit on the equatorial plane rc decreases with the Lorentz breaking constant ℓ > 0, and increases with ℓ < 0.
other three fundamental interactions at the quantum level. However, LI should not be an exact symmetry at all energies [3] , particularly when one considering quantum gravity effect, it should not be applicable. Though both GR and SM based on LI and the background of spacetime, they handle their entities in profoundly different manners. GR is a classical field theory in curved spacetime that neglects all quantum properties of particles; SM is a quantum field theory in flat spacetime that neglects all gravitational effects of particles.
For collisions of particles of 10 30 eV energy (energy higher than Planck scale), the gravitational interactions predicted by GR are very strong and gravity should not be negligible [4] . So in this very high energy scale, one have to consider merging SM with GR in a single unified theory, known as "quantum gravity", which remains a challenging task. Lorentz symmetry is a continuous spacetime symmetry and cannot exist in a discrete spacetime. Therefore quantization of spacetime at energies beyond the Planck energy, Lorentz symmetry is invalid and one should reconsider giving up LI.
Thus, the study of Lorentz violation (LV) is a valuable tool to probe the foundations of modern physics.
These studies include LV in the neutrino sector [5] , the standard-model extension (SME) [6] , LV in the non-gravity sector [7] , and LV effect on the formation of atmospheric showers [8] .
The SME is an effective field theory describing the SM coupled to GR, allowing for dynamical curvature modes, and includes additional terms containing information about the LV occurring at the Plank scale [9] .
The LV terms in the SME take the form of Lorentz-violating operators coupled to coefficients with Lorentz indices. The presence of LV in a local Lorentz frame is signaled by a nonzero vacuum value for one or more quantities carrying local Lorentz indices. An explicit theory is the "bumblebee" model, where the LV arises from the dynamics of a single vector or axial-vector field B µ , known as the bumblebee field. It is ruled by a potential exhibiting a minimum rolls to its vacuum expectation value.
Seeking for black hole solutions are very important works in any theory of gravity, because black holes provide into the quantum gravity realm. In 2018, R. Casana et al found an exact Schwarzschild-like solution in this bumblebee gravity model and investigated its some classical tests [10] . However, rotating black hole solutions are the most relevant subcases for astrophysics. These solutions may be also provide exterior metric for rotating stars. So in the present paper, we try to give an exact Kerr-like solution through solving Einsteinbumblebee equations.
We then study black hole shadow and obtain some deviations from GR and some LV gravity theories. The rest of the paper is organized as follows. In Sec. II we provide the background for the Einstein-bumble theory studied in this paper. In Sec. III, we derive the Kerr like solution by solving the gravitational field equations.
In Sec. IV, we study its black hole shadow and find some effects of the Lorentz breaking constant ℓ. Sec. V is devoted to a summary.
II. EINSTEIN-BUMBLEBEE THEORY
In the bumblebee gravity theory, the bumblebee vector field B µ acquires a nonzero vacuum expectation value, under a suitable potential, inducing a spontaneous Lorentz symmetry breaking in the gravitational sector. It is described by the action,
where ̺ is a real coupling constant (with mass dimension −1) which controls the non-minimal gravity interaction to bumblebee field B µ (with the mass dimension 1), and b 2 is a real positive constant. The bumblebee field strength is defined by
The potential V , driving Lorentz and/or CP T (charge, parity and time), have a minimum at
The action (2.1) yields the gravitational field equation in vacuum
where κ = 8πG N and the bumblebee energy momentum tensor T B µν is
The bumblebee field is fixed to be
and V = 0, V ′ = 0. Then Eq. (2.3) leads to gravitational field equations
In this section, we will give the exact Kerr-like solution through solving Einstein-bumblebee equations.
Rotating black hole solutions are the most relevant subcases for astrophysics. These solutions may be also provide exterior metric for rotating stars. However, the generation of such exact rotating solution to Einstein's field equations is very difficult due to the highly non-linear differential equations. Schwarzschild black hole solution was published in 1916 soon after GR was discovered [11] . But 47 years later, in 1963, the rotating black hole solution was found by Kerr [12] . So it is frequently alleged that the Kerr metric cannot be derived by elementary methods (by inference from [13] , p.877). But in 1982, Klotz used an elementary method to reproduce Kerr solution [14] . Then it is used to derive Kerr-Newman [15] and five dimensional Myers-Perry metric [16] . In this method, the radiating stationary axially symmetric black hole metric have the general form [14] 
where a is a constant inserted for dimensional reasons. The time t is given by
then Eq. (3.1) becomes
We will use this metric ansatz to set up gravitational field equations.
In this study, we focus on that the bumblebee field acquiring a purely radial vacuum energy expectation.
So the bumblebee field is spacelike and assumed to be b µ = (0, b(ζ, θ), 0, 0). 
where b 0 is a constant. The bumblebee field strength is
Its nonzero components are b rθ = −b θr = ab 0 q ′ /2 a(p − q), where the prime denotes to derivative to its argument. The other nonzero components of the quantity b
For the metric (3.3), the nonzero components of Ricci tensor are R tt , R tφ , R ζζ , R ζθ , R θθ , R φφ . Here we give some of them as followingR
where ℓ = ̺b 2 0 . The quantities R ζθ ,B tt ,B tφ are as
where∆ = q + γ(p − q), and the derivatives with respect to ζ and θ are denoted by the suffixes 1 and 2, respectively.
R ζθ = 0 showing that R ζθ is zero, then from Eq. (3.10), we can assume that∆ 2 = 0 or
Then the function γ can be given by
.
(3.14)
The condition∆ 2 = 0 enables us to introduce a new independent variable, σ = ∆ dζ. This combination can be reduced to
where dots denote derivatives with respect to σ. Note that p and h are functions of σ only, and q is a θ function, so we must haveḣṗ h = k,ṗ 2 = cp + n,ḧ = 0, (3.18) where k, c, n are some constants. Then Eq. (3.17) can be reduced to
They both give
We can obtain that 
where c ′ is a constant. After choosing σ = (ℓ + 1)/ar, c ′ = M/ (ℓ + 1)a and φ = ϕ/ √ 1 + ℓ for Boyer-Lindquist coordinates, we can get that
24)
where ρ 2 = r 2 + (1 + ℓ)a 2 cos 2 θ. Lastly, substituting these quantities into Eqs. (3.3) and (3.5), we can get the bumblebee field b µ = (0, b 0 ρ, 0, 0), and the rotating metric in the bumblebee gravity
If ℓ → 0, it recovers the usual Kerr metric. When a → 0, it becomes
which is the same as that in Ref. [10] . The metric (3.25) represents a purely radial Lorentz-violating black hole solution with rotating angular momentum a. It is singular at ρ 2 = 0 and at ∆ = 0. The solution of ρ 2 = 0 is a ring shape physical singularity at the equatorial plane of the center of rotating black hole with radius a. Its event horizons and ergosphere locate at 
Inserting corresponding metric components in Eq. (3.25), one get
(3.31)
IV. BLACK HOLE SHADOW
In this section, we study some observational signatures on the Lorentz-violating parameter ℓ by analyzing black hole shadow with the metric (3.25), and try to find some deviation from GR and some similarities to other LV black holes.
We introduce two conserved parameters ξ and η by
where E, L z and Q are the energy, axial component of the angular momentum and Carter constant, respectively. Then the null geodesics in the bumblebee rotating black hole spacetime are given by
where λ is the affine parameter and,
The radial motion in Eqs. (4.2) can be written in the form
which is similar to the equation of motion of a classical particle. The effective potential is Fig. (1) shows that the photon starting from infinity will meet a turning point, and then turns back to infinity. When ξ = ξ c , this turning point is an unstable spherical orbit which gives the boundary of the shadow [18] . Fig. (1) also shows that the deviation from GR (Kerr): when LV constant ℓ > 0, the turning point shifts to the left; when ℓ < 0, it shifts to the right. These shifts are similar to those of the Einstein-aether black hole [19] , which is also a LV black hole.
The unstable spherical orbit on the equatorial plane is given by the following equations θ = π 2 , R(r) = 0, dR dr = 0 , d 2 R dr 2 < 0 , η = 0, (4.6)
which give the radius of the unstable orbit as
where the upper sign is to direct orbits and the lower sign to retrograde orbits. We plot the equatorial circular orbit r c against a in Fig. 1 . It shows that the r c decreases with ℓ > 0, and increases with ℓ < 0, which are similar to those of the noncommutative black hole [18] .
For more generic orbits θ = π/2 and η = 0, the solution of Eq. (4.6), r = r s , gives the r−constant orbit, which is also called spherical orbit. And the both conserved parameters of the spherical orbits can be written as
Nextly, the two celestial coordinates, which are used to describe the shape of the shadow that an observers seen in the sky, can be given by α = −ξ s csc θ, β = η s + a 2 cos 2 θ − ξ 2 s cot 2 θ. (4.9)
We show the shapes of the shadow in Fig. 2 . 
V. SUMMARY
In this paper, we have studied the stationary, axisymmetric, asymptotically flat black hole solutions of Einstein-bumblebee theory in the 4-dimensional spacetime. In this model, a vector field, termed bumblebee, couples to the spacetime curvature and acquires a vacuum expectation value, which induces Lorentz symmetry spontaneously broken. In the case of purely radial Lorentz symmetry breaking, we have achieved a new exact rotating solution to the gravitational field equations. When angular momentum a → 0, it can recover positions of horizons and its Hawking temperature.
In order to obtain some effects of LV constant ℓ on GR, we study the black hole shadow. It shows that the deviation from GR (Kerr): when LV constant ℓ > 0, the turning point of the effective potential shifts to the left; when ℓ < 0, it shifts to the right. These shifts are similar to those of the Einstein-aether black hole [19] , which is also a LV black hole.
